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Abstract  

Dynamical systems are mathematical models that are used to describe the laws of a 

natural system. One example of such is the Duncan’s Map model which models the Three-Body 

Problem that entails three particles. The primary and the secondary particle have mutual gravity 

acting on one another while the “test” particle has a small mass where its gravitational pull does 

not affect the primary or secondary particle. In my project, I varied the parameters of this model 

which are the Jacobi constant and the mass of the secondary particle to see if chaotic orbits 

appear. I implemented the Lyapunov exponent to quantitatively identify chaotic orbits. Chaotic 

orbits appeared when the Jacobi constant was decreased, and when the mass of the secondary 

particle increased. Some of the unstable and stable regions coincided with the presence of mean-

motion resonances. Duncan’s criteria of chaos resulted in a 2/7 power law that predicts the onset 

of chaos, which was further probed using the Lyapunov exponent. This is remarkable because a 

unified definition of chaos is not yet found. Overall, this research is important because it could 

lead to effective space mission design and give one a glimpse to the complex past and future of 

the solar system. Further work could include changing the model to allow for dissipation, large 

eccentricity of the secondary particle and testing the 2/7 power law with other chaos indicators 

such as the correlation function and Kolmogorov-Sinai entropy. 
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Introduction  

 Dynamical systems are mathematical models used to describe the movement or the 

change of real systems that are in our world. These models can be used to predict what could 

occur in the future. For example, predicting the weather, asteroids paths, and the long-term 

change in environmental conditions. The anatomy of these dynamical systems consists of a 

function, that defines the laws of a system, which depends on a set of parameters. The initial 

conditions and parameters are influential to the outcome of this model. Examples of dynamical 

systems include the weather, the Earth’s climate, and asteroid paths.  

Usually, in well-behaved or stable dynamical systems variables tend to either: reach an 

equilibrium value or have a periodic behavior.  Challenges when modeling a dynamical system 

may include the presence of chaos. With chaos, it has been observed that there is no equilibrium 

value nor the presence of periodic orbit, however one unique definition of chaos has not yet been 

discovered.  

The state of a dynamical system is defined by the value of its variables, this is 

represented as a point in a coordinate system, each axis corresponding to each variable.  The 

orbit of a dynamical system corresponds to the set of points the variables reach during its 

evolution from a particular initial condition. One case of interest is when an orbit becomes 

scattered. This is a way to qualitatively describe a presence of chaotic orbits but in order to 

quantify chaos, one will need to perform one of many various tests out there such as the 

correlation function, Kolmogorov-Sinai entropy, and the Lyapunov Exponent. Strogatz (2018) 

explains the Lyapunov exponent as a measure of how rapidly close orbits diverge 

one from another. In chaotic orbits, two orbits with near initial conditions tend to quickly diverge 

from each other, which yields to a positive and large Lyapunov exponent. In “stable” orbits, 

initially near orbits tend to reach the same values and the outcome of the Lyapunov exponent 
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would be negative or zero. Small errors in initial measurements could yield large errors in the 

long-term, commonly referred to the butterfly effect.  

Chaos has been detected in the motion of celestial bodies in the Solar System (e.g Lecar 

et. al 2001). Particularly it has been found that chaos can be driven by the presence of resonances 

since their presence could either stabilize or destabilize a system. A resonance occurs when we 

have matching or commensurable frequencies on a system, this yields to both instabilities and 

stabilization. To put simply, resonance can be understood using an analogy of a swing set. When 

there is a child on a swing, an outside friend or parent could push them so that the pushing 

frequency matches the swing's natural frequency. This will produce a growth in the amplitude of 

the oscillations which is an instability. In the solar system, the same phenomena are observed 

(Malhotra, 1998). One example could be of spin-orbit resonance where the Moon's frequency of 

the orbit and rotation are the same, which causes the outside observer to see only one side of the 

moon. In addition, the current TESS mission was placed on a 2:1 mean motion resonance with 

the moon. This implies that after the Moon finishes an orbit around Earth, the satellite would 

have finished two orbits. This resonance could further stabilize the space mission design. This 

leads to the importance of this studies since understanding and investigating resonances and its 

interaction with stability could give insight to the solar systems past and future while also letting 

other design space missions with the utmost effectivity.  Also, understanding conditions that 

present chaotic orbits are vital to keeping space designs in space and not becoming lost and 

adding to the already current problem of space trash. 

There are many models that can be researched in more detail, one being the three-body 

problem. The three-body problem involves three masses with mutual gravity acting on them (Fig 

1). Beforehand, this system was modeled with differential equations, which may be difficult to 
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solve, and their detailed numerical treatment for long term evolutions is highly time consuming. 

In this case, due to the complexity of the problem, Duncan et al. put restrictions on this system 

by having the primary particle and a secondary particle having a mass large enough so that their 

gravity would affect each other and another “test” particle that would have a mass that is 

practically zero. It would be seen as zero since it enforces no gravitational pull on the primary or 

secondary particles. Another restriction of the system is that the eccentricity of the secondary 

particle’s orbit must remain small. These restrictions are put in place to represent real systems 

such as Sun-Earth and a “test particle” that could be a satellite, asteroid, comet...etc.  Researchers 

studied ways to make this process faster, so by taking out small details of the system Duncan et 

al (1989) were able to define a discrete iterative map. They refound the 2/7 power law that was 

first found in the set of differential equations to see the presence of chaotic orbits. The power law 

being: 

 

This law predicts where chaotic orbits should occur in near circular orbits -when eccentricity is 

0.  With circular orbits of the test particle, the Jacobi constant is the square of the initial ε.  It will 

be shown that his law can be verified once again with the use of the Lyapunov exponent. 

Although this model has been applied to simplify this problem, an extensive exploration of the 

outcome of initial conditions and parameters has not been performed.  
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Figure 1. Three-Body Problem interior case where the test particles orbit occurs in between 

the plant and the sun.  

 

In this project, I plan on varying the initial conditions and parameters to investigate the 

properties of the Duncan map. The two parameters are the quotient of the mass of the planet and 

the mass of the sun (m), and the Jacobi constant (J), which is related to energy and is a conserved 

quantity for this system. When doing so I will be observing how different values of the Jacobi 

constant induces the presence of chaos. The mass will stay constant when varying the Jacobi 

constant. The mass, however, will be varied after a full investigation of the Jacobi constant on 

each specific mass that is reasonable. A mass could be said to be reasonable if it resembles 

planets in the solar system, so from the interval 1E-07 to 1E-03 (Mercury and Jupiter).  

In addition to this, I will calculate the Lyapunov exponent to quantify the amount of 

chaos. I predict that when there is an increase in the mass, chaos would arise, while if there was a 

decrease of mass, the system would stabilize. Also, I believe that when there is an increase in the 

Jacobi constant, chaos would not arise, and when there is a decrease in the Jacobi constant, chaos 

would arise. When compared together, I believe there would be an indirect relationship between 

changing these parameters. Lastly, I will be testing the 2/7 power law to see if it is verified with 

the Lyapunov exponent since quantitative indicators of chaos yet been applied to this model. I 

believe that when the eccentricity of the test particles orbit is zero, and with a change of the ε 

value the Lyapunov exponent would indicate values of chaotic orbits and stable orbits similarly 

to where they were in the Duncan’s criteria.  

 

Methods  

In order to model these systems, I will be using the Duncan map model (Duncan et. al 

1989) which is a discrete iterative set of functions: 
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where Ψ is a complex number with a real part x and imaginary part y. 

The Jacobi constant being:    

 

Which is defined by the initial conditions and remains constant along the evolution.  

These functions make the otherwise continuous system discrete since we are measuring 

only right after each conjunction. It works by having the map iterate over itself under several 

initial conditions and parameters. The dynamical variables are 𝜖 and 𝜓. Also noted, physically 

significant quantities that could be obtained from 𝜖 and 𝜓, include eccentricity, argument of 

pericenter and the semi-major axis of the test particle orbit. 

There are multiple ways of representing the outcome of an orbit graphically such as time 

series and phase space diagrams. The main graphical representation that I use is phase space. 

Phase space does not contain time; rather it corresponds to a space where the coordinates are the 

dynamical variables which allows one to classify a periodic orbit, a chaotic orbit etc.  

It is important to quantitatively test for chaos because qualitative data is subjective. To 

quantitatively test for chaos, I will be using the Lyapunov exponent. When the value of the 

Lyapunov exponent reaches a positive value one can say that the system becomes chaotic under 

those parameters and initial conditions. When the value of the Lyapunov exponent reaches 0 or 

close to zero, one can say that the system is stable. This method will be done for test particles 

that are in the exterior or interior. The exterior is where the test particles orbit is on the outside of 
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the Sun and planets orbit and the interior is where the test particles orbit is in between the Sun 

and the planets orbit. The protocol to find the Lyapunov exponent for Three-Dimensional 

systems is described by Bovy (2004). For the three-body system, I used this set of protocols as 

follows: 

1. Chose an initial point and computed a perturbed point with these set of equations:  

 

where φ and σ are arbitrary angles and ε is and error that was chosen to be 1E-5.  

2. Iterate both points and compute the distance ‘d’ between them  

3. Add log d/ Error to an accumulator  

4. Renormalize the error  

5. Iterate steps 2-4 

6. Calculate the average by dividing by number of iterations  

This protocol was iterated for 1,000,000 years to account for long-term behavior of the test 

particle.  

This numerical experiment will be run purely on a Jupyter notebook where we implement 

the Duncan map.  

Results  
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Figure 2. Lyapunov exponents for various orbits that indicate unique behaviors long-term. 

The x-axis indicates the number of years which was done to one million and the y-axis shows the 

values of the Lyapunov exponent.  

In figure 2, various Lyapunov exponents were computed as an attempt to quantify chaos.  

One needs to wait for converges to obtain a meaningful value because the Lyapunov exponent is 

a limit that goes on to infinity. Fig. 2a shows that the Lyapunov exponent converges to 0.4 thus 

implies that the orbit is chaotic. Fig. 2b shows that the Lyapunov exponent converges to zero 

thus implying that the orbit is stable. Fig. 2c shows that the orbit takes 200,000 years to 

converge. Fig. 2d shows an orbit that converges to zero and is stable up until about 400,000 years 

where it becomes chaotic afterwards.  
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Figure 3. Phase space diagrams with x and y as the axis, with mass of the planet and Jacobi 

constant indicated and color corresponding to the magnitude of the Lyapunov exponent.  

Shows the interior case of the test particle.  

 

 Phase space diagrams were computed to show various Jacobi constants and masses. Also, 

the Lyapunov exponent was computed for all orbits and is shown with color on the figure The 

parameters were chosen to show the transition between chaotic orbits and non-chaotic orbits. 

Fig. 3a demonstrates a unique orbit that has not been identified in literature reviewed. Named the 

“muffin orbit”, one can see chaos surrounding this unique shape. It is to be pointed out the color 

“black” is there to show that the Lyapunov exponent was not computed since after one million 
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years the test particle would have “fallen” into the sun thus being called a “falling orbit”. 

Increasing the Jacobi constant slightly and keeping the mass constant, it can be observed that on 

fig.2b, there is a quasi-periodic orbit replacing the muffin orbit. It is observed that there is chaos 

with a value of about 0.4. As the Jacobi constant was increased and the mass of the planet stayed 

constant the shape changed into a non-chaotic horseshoe (fig.3c). As one increases the mass, the 

presence of chaotic orbits increases as seen with the color of the points. That can be observed 

when comparing fig. 3b, fig. 3e, fig. 3h. In fig. 3b, one can see the value of the Lyapunov 

exponent being 0.4 while in fig. 3h the Lyapunov exponent is 0.  
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Figure 4. Phase space diagrams with x and y as the axis, with mass of the planet and Jacobi 

constant indicated and color corresponding to the magnitude of the Lyapunov exponent. 

Shows the exterior case of the test particle.  

 

 Phase space diagrams were computed to show the case of interior and exterior test 

particles. In fig. 4, one can see the exterior case of the test particle. The differences of the interior 

and exterior case lies where the test particles orbit is. If the test particles orbit is in between the 

orbit of the sun and the planet, that would be called the interior case. In fig 4a, a chaotic orbit is 

found uniformly throughout the diagram with the value of the Lyapunov exponent being about 

0.4. There is one non-chaotic orbit seen in blue in Fig. 4a. Compared to fig.4, fig.4 has the same 

relationship of parameters.    

 

Figure 5. Phase space diagrams with phi and calculated mean motion as the axis, with mass 

of the planet and Jacobi constant indicated. Shows the interior case of the test particle. 
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 Mean motion phase space diagrams were calculated for each phase space diagram from 

fig. 3 and fig. 4. Figure 5 shows mean motion diagrams from that correspond to phase space 

diagrams in figure 3. Resonances can be seen with these diagrams. Fig. 5a has the presence of 

chaotic orbits and 5:1 unstable resonance. A resonance is called “unstable” because of the lack of 

surrounding orbits. Figures 5c, f ,g, h, i, have 2:1 resonance two being stable on the left and right 

side, and another, on the middle, is unstable. Fig. 5h has a 3:2 resonance in addition to the 2:1 

resonance.  

 

Figure 6. Phase space diagrams with phi and calculated mean motion as the axis, with mass 

of the planet and Jacobi constant indicated. Shows the exterior case of the test particle. 

 

 Figure 6 shows mean motion diagrams from that correspond to phase space diagrams in 

figure 4. This shows resonances with an exterior particle. Figures 6a, 6b, 6d, 6e, 6g, have 1:2 
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resonances. Figures 6e and 6h, have 3:4 resonances. Figures 6c, 6e, 6f, 6g, 6h, 6i have 2:3 

resonances.  

 

Figure 7. Heat map displaying value of Lyapunov exponent with parameters of ε and mass.  

 

 

In figure 7, the recreation of the 2/7 power law was shown in gray and the color 

representing the magnitude of the Lyapunov exponent. The 2/7 power law states that above the 

line of best fit there should be stable orbits and below the line there should be chaotic orbits. In 

the result, one can see that, above the line, the Lyapunov exponent was less than or equal to zero 

thus meaning stable.  Also, below the line, the Lyapunov exponent would be positive thus 

meaning chaotic.  

Discussions 

 An exploration of the parameters, Jacobi constant and mass of the planet, was completed. 

It was found that as the Jacobi constant increases, the presence of chaotic orbits decreases. Also, 

it was found that as the mass of the planet increases, the presence of chaotic orbits increases. 

Thus, meaning heavier secondary particles would lead to chaotic orbits of the test particle. In 

instances where the Jacobi constant is larger, the presence of chaotic orbits would be less 

compared to instances where the Jacobi constant is smaller.  
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 Figure 4 shows the calculation of the Lyapunov exponent for one orbit over one million 

years. It is important to calculate the long-term behavior because fig 4c. takes about two hundred 

thousand years to fully converge to one value. Also, it is important to calculate long-term 

behavior since it could drastically change. One can see an example of such in fig 4d, where the 

orbit is initially stable but becomes chaotic around four hundred thousand years. Long-term 

behavior of such systems is vital to understanding the real outcome. Also, there is a concept of 

Lyapunov time which is the amount of time it takes for a system to become chaotic. It could be 

calculated for the highest Lyapunov exponent value of 0.8 and the lowest Lyapunov exponent 

which was -5.50E-09. The Lyapunov time for the highest exponent value is 1.25 which means 

that after 1.25 conjunctions, our system would be chaotic. The Lyapunov time for the lowest 

exponent is 181818181 which means that after 181,818,181 conjunctions, the system would be 

chaotic. 

 In figures 5 and 6, one can see resonances within each variation of parameters and initial 

conditions. In fig 5f, one can see three 2:1 mean motion resonances. The ones on the outskirts of 

the diagram are stable because of the presence of orbits near the resonances. The resonance in 

the center is unstable because of the absence of orbits near the resonance. It would be better to 

place the test particle in the stable resonance to decrease the likelihood of instabilities so this 

model can be used to predict were stable resonances and unstable resonances could occur.  

 In figure 7, one can see equivalence between two different chaos criteria which is 

remarkable since a unified definition of chaos is yet to be found.  

Limitations of the research include time since one cannot run every possible combination 

of initial conditions and parameters. The calculation of the Lyapunov exponents take a 

substantial amount of time to calculate long-term behavior. Also, the Duncan’s map does put 
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restrictions on the system such as the secondary particle’s eccentricity has to be close to zero, 

disabling the possibility to study more complex systems. 

Conclusion 

 In conclusion, the varying of parameters leads to the conclusion that as one increases the 

mass of the planet the presence of chaos increases and while one increases the Jacobi constant, 

the presence of chaotic orbits decreases thus having an inverse relationship. This conclusion 

supports the hypothesis. For future work, one can add dissipation to the model by modifying the 

equations to account for the change of the test particles orbit since orbits change throughout time. 

Also, one can modify the equations to allow the planet’s eccentricity to be more than zero to 

account for non-circular orbits. Lastly, one can test the 2/7 power law over many different chaos 

indicators. This is important because there is not unique definition of chaos, and it would be 

necessary to identify which indicators agree to the 2/7 power law and those that do not.   
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